Abstract. Let G be a complex semisimple Lie group and τ a complex antilinear involution that commutes with the Cartan involution. If H denotes the connected subgroup of τ -fixed points in G, and K is maximally compact, each H-orbit in G/K can be equipped with a Poisson structure as described by Evens and Lu. We consider symplectic leaves of certain such H-orbits and show that an application of the symplectic convexity theorem of Hilgert-NeebPlank yields the statement of van den Ban's convexity theorem for (complex) semisimple symmetric spaces. Moreover, van den Ban's result for the real case is obtained from a careful analysis of the relevant moment map and its convex image.
Introduction
In 1982, Atiyah [1] discovered a surprising connection between results in Lie theory and symplectic geometry. He proved a general symplectic convexity theorem of which Kostant's linear convexity theorem (for complex semisimple Lie groups) is a corollary. In this context, the orbits relevant for Kostant's theorem carry the natural symplectic structure of coadjoint orbits. The symplectic convexity theorem, which was found independently by Guillemin and Sternberg [4] , states that the image under the moment map of a compact connected symplectic manifold with Hamiltonian torus action is a convex polytope. Subsequently, Duistermaat [2] extended the symplectic convexity theorem in a way that it could be used to prove Kostant's linear theorem for real semisimple Lie groups as well.
Lu and Ratiu [7] found a way to put even Kostant's nonlinear theorem into a symplectic framework. For a complex semisimple Lie group G with Iwasawa decomposition G = N AK they regard the relevant K-orbit as symplectic leaves of the Poisson Lie group AN , carrying the Lu-Weinstein Poisson structure. Kostant's nonlinear theorem for both complex and real groups then follows from the AGStheorem or Duistermaat's theorem or versions of those.
In this paper, we want to give a symplectic interpretation of van den Ban's convexity theorem for a semisimple symmetric space (g, τ ), which is a generalization of Kostant's nonlinear theorem. For the precise statement of van den Ban's result we refer to Section 2. The main difference in view of our symplectic approach is that van den Ban's theorem is concerned with orbits of a certain subgroup H ⊂ G that are in general neither symplectic nor compact. We are going to use a method due to Evens and Lu [3] to equip H-orbits in G/K with a certain Poisson structure (in the case that G is complex). An H-orbit fibrates into symplectic leaves, and on each leaf some torus acts in a Hamiltonian way. The corresponding moment map Φ turns out to be proper, and therefore the symplectic convexity theorem of Hilgert-Neeb-Plank [5] can be applied. It describes the image under Φ as the sum of a compact convex polytope and a convex polyhedral cone. The polytope and cone obtained in this way are exactly those that occur in van den Ban's theorem.
To deal with the case of van den Ban's theorem for a real semisimple symmetric space (g, τ ), we first carry out the procedure described above for the complexification G C , equipped with the complex antilinear extension of τ . Unlike in Lu and Ratiu's approach to Kostant's theorem we cannot use (a version of) Duistermaat's theorem to descend to the real orbits. The reason is that the real H-orbits in G/K (or at least suitable submanifolds thereof) do not even have the right dimension to be Lagrangian submanifolds of the symplectic leaves in the complex setup. Instead, we use the local description of the moment map Φ to see directly how the image of the real orbit under Φ is related to the image of the complex orbit. This yields the statement of van den Ban's theorem in the real case.
Van den Ban's theorem
The purpose of this section is to fix notation and to recall the statement of van den Ban's theorem.
Let G be a real connected semisimple Lie group with finite center, equipped with an involution τ , i.e. τ is a smooth group homomorphism such that τ 2 = id. We write H for an open subgroup of G τ , the τ -fixed points in G. Let K be a τ -stable maximal compact subgroup of G. The corresponding Cartan involution θ on g commutes with τ and induces the Cartan decomposition g = k + p. If h and q denote the (+1)-and (−1)-eigenspace of g with respect to τ one obtains
We fix a maximal abelian subalgebra a −τ of p ∩ q. (In [9] this subalgebra is denoted by a pq .) In addition, we choose a τ ⊆ p ∩ h such that a := a τ + a −τ is maximal abelian in p. Let ∆(g, a −τ ) and ∆(g, a) denote the sets of roots for the root space decomposition of g with respect to a −τ and a, respectively. A choice of compatible positive systems ∆ + (g, a −τ ) and ∆ + (g, a) leads to an Iwasawa decomposition
Here g α = {X ∈ g : [H, X] = α(H)X ∀H ∈ a} for α ∈ ∆(g, a), and similarly g β is defined for β ∈ ∆(g, a −τ ). Let N and A denote the analytic subgroups of G with Lie algebras n and a, respectively. The Iwasawa decomposition G = N AK on the group level has the middle projection µ : G → A. We write pr a −τ : a → a −τ for the projection along
where ⊥ means orthogonality with respect to the Killing form , . Note that the involution θ • τ leaves each root space
Write W K∩H for the Weyl group
The convex hull of a Weyl group orbit through X ∈ a −τ will be denoted by conv(W K∩H .X).
We can now state the central theorem. 
• Van den Ban proved his theorem under the weaker condition that H is an essentially connected open subgroup of G τ (by reducing it to the connected case).
• If τ = θ one obtains Kostant's (nonlinear) convexity theorem. Note that in this case the group H and the orbit Ha are compact.
Poisson structure
Let G be a connected and simply connected semisimple complex Lie group with Lie algebra g. The Cartan involutions on both group and Lie algebra level will be denoted by θ. In addition, let τ be a complex antilinear involution (on G and g) which commutes with θ. The Lie algebra g decomposes into +1-and −1-eigenspaces with respect to both involutions θ and τ .
where k and h denote the +1-eigenspaces with respect to θ and τ , respectively, and p and q denote the −1-eigenspaces.
The maximal compact subgroup K of G with Lie algebra k is τ -stable. Let H denote the connected subgroup of G consisting of τ -fixed points. We will be interested in certain H-orbits in the symmetric space G/K. Each such orbit can be equipped with a Poisson structure as introduced by Evens and Lu. We briefly describe their method which can be found in [3, Section 2.2]. For details on Poisson Lie groups see e.g. [8] .
Let (U, π U ) be a Poisson Lie group with tangent Lie bialgebra (u, u * ) and double Lie algebra d = u ⊲⊳ u * . The pairing
defines a non-degenerate symmetric bilinear form and turns (d, u, u * ) into a Manin triple. We will identify d * with d via , . Consider the following bivector R ∈ ∧ 2 d:
In terms of a basis {v 1 , . . . , v n } for u and a dual basis {λ 1 , . . . , λ n } for u * the bivector is represented by
The adjoint group D of d acts on the Grassmannian Gr(n, d) of n-dimensional subspaces and therefore defines a Lie algebra antihomomorphism
into the vector fields on Gr(n, d). Using the symbol η also for its multilinear extension we can define a bivector field Π on Gr(n, d) by
Note that Π in general does not define a Poisson structure on the entire Gr(n, d).
However, it does so on the subvariety L(d) of Lagrangian subspaces (with respect to , ) on d, and on each
The bivector R also gives rise to a Poisson structure π − on D that makes (D, π − ) a Poisson Lie group:
Here r d and l d denote the differentials of right and left translations by d. Note that the restriction of π − to the subgroup U ⊂ D coincides with the original Poisson structure
For l ∈ L(d) the D-orbit through l is not only a Poisson manifold with respect to Π but a homogeneous Poisson space under the action of (D, π − ). Moreover, the U -orbit U.l is a homogeneous (U, π U )-space, since the Poisson tensor Π at l turns out to be tangent to U.l. In fact, the tangent space at l ∈ D.l can be identified with d/l, the cotangent space with l itself. For X, Y ∈ l one obtains
where pr u : d → u denotes the projection along u * . What has been said about the Poisson Lie group U is also true for its dual group U * , i.e. (U * , π U * ) is a Poisson Lie subgroup of (D, π − ) and the orbit U * .l is a homogeneous (U * , π U * )-space. It follows in particular that (U.l) ∩ (U * .l) contains the symplectic leaf through l.
We now want to apply this construction to our complex semisimple Lie algebra g. In the above notation we will have d = g, and the pairing , will be given by the imaginary part of the Killing form κ on g. Note that k ∈ L(d). As stated earlier we are interested in H-orbits in G/K ∼ = G.k, so we will have u = h. It remains to define u * .
First we choose an appropriate Iwasawa decomposition of g. Recall the τ -stable Cartan decomposition g = k + p. We fix a maximal abelian subalgebra a −τ in p ∩ q. Then we can find an abelian subalgebra a τ in p ∩ h such that a = a −τ + a τ is maximal abelian in p. This yields an Iwasawa decomposition g = n + a + k which is compatible with the involution τ in the following sense.
Lemma 3.1. For our choice of Iwasawa decomposition g = n + a + k, we have
Proof. Consider the root space decomposition of g with respect to a,
We will show that the special choice of a −τ implies that α| a −τ = 0 for all α ∈ ∆(g, a).
, and the claim h ∩ n = {0} follows immediately. Assume there is an α ∈ ∆(g, a) such that α| a −τ = 0. Then τ leaves the one dimensional complex vector space g α stable.
As an antilinear involution τ must have a +1-eigenvector in
From H α ∈ p it follows that α(H α ) ∈ R. The non-degeneracy of the bilinear form
Note that Ad(u(π/2)).H α ∈ p∩z g (a −τ ) and τ (Ad(u(π/2)).H α ) = −Ad(u(π/2)).H α . But this contradicts the maximality of a −τ .
Consider the Cartan subalgebra c = a C of g. Lemma 3.1 together with the properties of κ implies that g = h ⊕ (c −τ ⊕ n) is a Lagrangian splitting with respect to the bilinear form ℑκ. In other words, (g, h, (c −τ + n)) is a Manin triple. We can now define the desired Poisson manifolds using the method of Evens and Lu outlined above. We set
Note that k ∈ L(g) and G.k ∼ = G/K. Let C, A and N denote the analytic subgroups of G with Lie algebras c, a and n, respectively. Fix a ∈ A −τ and set l a = Ad(a).k. Then the U -orbit P a := H.l a ∼ = Ha/K ⊂ G/K is a homogeneous Poisson manifold with respect to the action by (U, π U ). Also, for the dual group U * = C −τ N , the orbit U * .l a is Poisson and (U * , π U * )-homogeneous. For the symplectic leaf in P a through a, denoted by M a , we have
Proof. Consider the map M : A τ × M a → P a . First we will show that M is injective. The Poisson tensor π U = π − as defined in (3.1) vanishes at each element c ∈ C τ , since Ad(c) leaves both u = h and u * = c −τ +n stable. Therefore a ′ ∈ A τ acts symplectically on P a and maps a symplectic leaf M a onto the symplectic leaf M a ′ a . But M a1a = M a2a for a 1 = a 2 ∈ A τ , following from the fact that M a1a lies in U * .l a1a = C −τ N a 1 aK and the uniqueness of the Iwasawa decomposition.
At each point p ∈ P a one can explicitly calculate the codimension of the symplectic leaf through p in P a , for instance by means of an infinitesimal version of Corollary 7.3 in [6] and Theorem 2.21 in [3] . In our case this codimension is independent from the point p ∈ P a and equals the dimension of a τ . This shows that P a is a regular Poisson manifold, and, together with the first part and the connectedness of P a , that P a = A τ M a . Note that the first part of the proof implies that (A τ .l a ) ∩ (U * .l a ) = {l a }. Therefore, the codimension of (U.l a ) ∩ (U * .l a ) in U.l a is at least dim(a τ ). But since M a has codimension equal to dim(a τ ), and M a ⊆ (U.l a ) ∩ (U * .l a ), the last inclusion is actually an equality.
Consider the torus T = exp(ia −τ ) ⊂ U . It acts on M a in a symplectic manner since π U vanishes at each t ∈ T . Moreover, the next lemma shows that this action is Hamiltonian with an associated moment map that is closely related to the middle projection µ : G = N AK → A of the Iwasawa decomposition.
Lemma 3.3. The action of T = exp(ia −τ ) on M a is Hamiltonian with moment map Φ = pr a −τ • log •µ. Here, pr a −τ : a → a −τ denotes the projection along a τ . We write pr a : g = n + a + k → a for the middle projection on the Lie algebra level. Moreover, the moment map Φ is proper.
Proof.
(1) Φ = pr a −τ is a moment map. Let b : G = N AK −→ B = N A be the B-projection in the Iwasawa decomposition. Let Z ∈ t = ia −τ and X ∈ u. Then, at ua ∈ M a :
The second last step follows from the fact that t and k + a τ + n are orthogonal with respect to , .
Note that Ad(b(ua))Z ∈ Z + n. With (3.2) this implies
(2) Φ is proper. This follows from Lemma 3.3 in [9] , which states the properness of the map
In our case L 0 = CA τ (since z g (a −τ ) = c by the argument in the proof of Lemma 3.1).
Properness of the map F a : T A τ \H → a −τ implies properness of the induced maps F a :
First we recall a symplectic convexity result which is a generalization of the well known convexity theorem for Hamiltonian torus actions on compact symplectic manifolds due to Atiyah and Guillemin-Sternberg [1, 4] . 
.1(i)]
Consider a Hamiltonian torus action of T on the connected symplectic manifold M . Suppose the associated moment map Φ : M → t * is proper, i.e. Φ is a closed mapping and Φ −1 (Z) is compact for every Z ∈ t * . Then Φ(M ) is a closed, locally polyhedral, convex set. 
Proof. Clearly, each element wa with w ∈ W K∩H is T -fixed. Assume that cpa ∈ M a with c ∈ K τ , p ∈ exp(p τ ) is T -fixed. Since M a lies in the orbit of the dual group U * = N C −τ there are elements n ∈ N, b ∈ A −τ , k ∈ K such that cpa = nbk. Since nbk is a T -fixed point,
The uniqueness of the Iwasawa decomposition implies n = e, i.e. cpa = bk. Symmetrizing yields
Applying θ • τ to (4.1) gives
Combining (4.1) and (4.2) we obtain
From (4.1) and (4.3) we conclude p = e. But then (4.2) implies cac −1 = b. Since both a and b lie in A −τ there is some element w ∈ W K∩H such that waw −1 = b (note that W K∩H is the Weyl group of the reductive Lie algebra g θτ = (k∩h)+(p∩q) of θτ -fixed points of g).
To describe the linearized action of the stabilizer T m ⊆ T at some m ∈ M a it is useful to have a description of h in terms of specific (restricted) root vectors.
Remark 4.4. (A basis for h.)
Let
be the restricted root decomposition of g with respect to a −τ . Note that z g (a −τ ) = c from the arguments in the proof of Lemma 3.1. We choose a positive system
Each complex vector space g β is stable under the complex linear involution θτ , and therefore contains +1-or −1-eigenvectors of θτ . Write {X 
Now consider a T -fixed point wa ∈ M a . According to (3.2) the tangent space of M a at wa can be viewed as the subspace of h consisting of all vectors pr h Ad(wa)X with X ∈ k whose associated vector fields do not vanish at wa. Therefore, the tangent space is spanned by
Elements of the first two types need to be considered only for those β for which β(log(a)) = 0.
On the pair Y
The action of iX ∈ t on a pair X The weights of the linearized action of T at wa are thus given by:
∪ {w.β : β ∈ ∆ + (g, a −τ ) with β(log(a)) = 0}.
We denote by Γ wa the cone spanned by the T -weights at wa. According to the principle of moment reconstruction, at each point m ∈ M a , one can find symplectic coordinates on a neighborhood of m = ((e, 0), 0) in which the moment map Φ takes a particularly nice normal form (cf. [5] , Lemma 2.2).
Here, t m denotes the Lie algebra of the stabilizer T m ⊂ T at m and S m stands for a torus such that S m × T m ∼ = T . Also, V denotes the symplectic vector space (T m (T.m)) ⊥ /T m (T.m), and α j are the weights of the linearized action of T m on V . Therefore, in a neighborhood of Φ(wa) the image Φ(M a ) looks like Φ(wa) + Γ wa , with Γ wa spanned by the weights in (4.6).
Next we consider an arbitrary point m = ha ∈ M a with stabilizer T m = exp t m . Each element Y ∈ p τ ⊆ h defines a nonzero tangent vector at m = ha, since
Together with the local normal form of Φ from (4.7) this implies that locally Φ(M a ) is the sum of the affine space Φ(m) + s * m and a cone Γ m ⊆ t * m which contains the restricted roots {β| itm :
We can now give a full description of the image Φ(M a ).
Theorem 4.5.
where P is the (compact) convex hull of points Φ(wa) = w.X and Γ is the cone spanned by {β ∈ ∆ + (g, a −τ ) :
Proof. First we consider the local description of Φ near T -fixed points wa ∈ M a . The convexity of Φ(M a ) implies
Clearly, Φ(M a ) ⊇ P . At an arbitrary point m ∈ M a the local form of Φ shows
Remark 4.6. Theorem 4.5 is van den Ban's result for G complex and τ antilinear.
4.2.
The real case. We now consider a real group G. The notation will be as in Section 2. In order to use the results from Section 4.1, in which we dealt with a complex group and a complex antilinear involution, we consider the (simply connected) complexification G C of G with Lie algebra g C . Then τ and θ will denote the involutions on g and G, as well as their antilinear extensions to g C and G C . To avoid ambiguity in the notation we will frequently add tildes to symbols used in Section 4.1 when we refer to the corresponding object in the setting of G C . For example, the Cartan decomposition of g C becomes g C =k +p, wherek = k + ip and p = ik + p. The decomposition with respect to τ becomes g C =h +q. Let a −τ be the maximal abelian subalgebra of p −τ . We fix r ⊂ k τ such thatã −τ = a −τ + ir is maximal abelian inp −τ . Also we can findã τ such thatã =ã −τ +ã τ is maximal abelian inp.We choose positive systems ∆ + (g, a) and ∆ + (g C ,ã) such that α| a ∈ ∆ + (g, a) implies α ∈ ∆ + (g C ,ã) for each α ∈ ∆(g C ,ã). The corresponding Iwasawa decompositions G = N AK and G C =ÑÃK have middle projections µ andμ.
We fix X ∈ a −τ and a = exp X ∈ A −τ . Van den Ban's theorem gives a description of pr a −τ • log •µ(Ha). To relate this set to the closed, locally polyhedral, convex set prã−τ • log •μ(Ha) =Φ(M a ) =P +Γ obtained in the complex case we proceed in three steps. First we show that the middle projections µ andμ are compatible. Note that in general a ⊆ã.
(On the right hand side the, previously undefined, projection pr a −τ :ã −τ → a −τ is along the orthogonal complement ir of a −τ inã −τ with respect to the (real) inner product B(X, Y ) = −ℜκ(X, θY ).
Proof. As in Section 2, let
and N 1 and N 2 the analytic subgroups of G with Lie algebras n 1 and n 2 , respectively. For x ∈ G we can write
We want to show that log b = pr a −τ • prã−τ • log •μ(x). Since N 1 ⊆Ñ , due to our choice of positive systems, and K ⊆K, we can assume that m = k = e. But x = nab lies in Z(a −τ ), the analytic subgroup of G C with Lie algebra z g C (a −τ ), which is reductive. Write z g C (a −τ ) = g ss + z , with
and z the center of z g C (a −τ ). Let G ss and Z denote the corresponding analytic subgroups of G C .
We consider the hermitian inner product B(X, Y ) = −ℜκ(X, θY ) on g C and possible restrictions to (θ-stable) subspaces. One verifies a τ ⊥ B a −τ and g ss ⊥ B z. Then,
The Lie algebra l = g ss + (z ∩ (a −τ ) ⊥ ) is reductive, θ-stable, and it contains n 2 + a
The analytic subgroup L ⊆ G C with Lie algebra l is reductive and admits an Iwasawa decomposition
and therefore
Instead of considering the Hamiltonian action of the full torusT = exp iã −τ on the symplectic manifoldM a we look at the smaller torus T = exp ia −τ . Its action onM a admits the moment map Φ = pr a −τ •Φ. In this notation Lemma 4.7 implies
Theorem 4.5 says that the right hand side in (4.8) is equal to pr a −τ (P +Γ) = (P +Γ) ∩ g, the "real piece" ofΦ(M a ) =P +Γ. In fact, it is equal to the right hand side in van den Ban's theorem.
Lemma 4.8.
Proof. To see Γ(∆
Since β is real on a −τ and since both θ and τ are antilinear there is some C β ∈ g (choose A β or B β , whichever is nonzero) with
But this is just the condition that β|
The restricted root space g
Since each g β C is θτ -stable there is some β i with β i | a −τ = γ and a nonzero C βi ∈ g βi C with θτ C βi = −C βi . But this means β i ∈Γ, or γ = β i | a −τ ∈ pr a −τΓ.
To see pr a −τP = pr a −τ (conv(WK ∩H .X) = conv(W K∩H .X) note that this is a statement about the reductive Lie algebra g θτ ⊆ g of θτ -fixed points and its complexification. The restrictions of θ and τ to g θτ coincide, and the Cartan decomposition becomes g θτ = k τ + p −τ . In particular, a −τ is maximal abelian in p −τ . If X ∈ a −τ lies in the center of g θτ , the convex setsP and conv(W K∩H .X) both consist of only the point X. Therefore, we can can assume without loss of generality that g θτ is semisimple. But then we are in the case of a semisimple Lie algebra g with θ = τ and the claim follows from the approach by Lu-Ratiu.
We want to show that equality holds in (4.8). Let σ denote the complex conjugation of g C with respect to g. We will use the same symbol for the induced involutions on G C ,P a andM a . Proposition 4.9. The involution σ onP a is compatible with the Hamiltonian torus action by T in the sense that the following two conditions are satisfied.
(1) For ma ∈P a ,
(2) We proceed in a similar fashion as in the proof of Lemma 4.7. Define the following subalgebras of g C .
with corresponding analytic subgroupsÑ 1 ,Ñ 2 of G C . Then x ∈ G C can be written as
Since a −τ is σ-stable and B is σ-invariant, σ also leaves l stable (recall the notation from Lemma 4.7). Therefore, σ(na) ∈ L decomposes as
The orbit Ha is the connected component through a of (P a ) σ , the σ-fixed points ofP a . Lemma 4.10.
Φ(Ha) = Φ(P a ).
Proof. AsΦ is proper, Φ(Ha) is a closed subset of the convex set Φ(P a ) which can be assumed to have nonempty interior in t * (otherwise consider a subtorus of T that acts effectively). It is enough to show that if a point in Φ(Ha) lies in the interior of Φ(P a ) it also lies in the interior of Φ(Ha).
Let m = ha ∈ Ha such that Φ(m) ∈ int(Φ(P a )). Recall the local description of Φ (for the small torus T ) from (4.7). Since Φ(m) ∈ int(Φ(P a )), the cone spanned by the α j must be all of t * m . Hence Φ maps any neighborhood of (e, 0, 0) ∈ T * S m × V onto a neighborhood of Φ(m) in t * . We want to show that this is even true for any neighborhood of (e, 0, 0) in (T * S m × V ) σ . Condition (1) in Proposition 4.9 implies that σ (more precisely, its derivative at m) leaves both T * S m and V stable. It follows from condition (2) that (T * S m ) σ = {e} × s * m . Now consider V . A weight α j ∈ t * m occurring in the normal form of Φ is of the form α j = β| itm for some β ∈ ∆ + (g C ,ã (is m ) with respect to ℑκ. Therefore, the tangent vectors X β + θX β , i(X β − θX β ) (or Y β − θY β , i(Y β + θY β )) ∈ h can be viewed as elements in V . With the same arguments as in in the first part of the proof of Lemma 4.8, and since V is σ-stable, we can assume X β ∈ g (or Y β ∈ g). Then X β + θX β (or Y β − θY β ) ∈ g αj + g −αj can be expressed as a vector (q ′ 1 , . . . p ′ n ) with zero entries at all coordinates that correspond to weights other than α j . Then, for r ∈ R, Φ(r(X β + θX β )) = Φ(m) + (e, 0,
(and similarly for Φ(r(Y β − θY β ))). Doing this for all different weights α j shows that any neighborhood of 0 in V σ will be mapped onto a neighborhood of 0 in t * m under Φ. Putting together the information on Φ| V σ and on Φ| (T * Sm) σ it follows that Φ(m) indeed lies in the interior of Φ(Ha).
We now have collected all ingredients for van den Ban's theorem. 
